ABSTRACT. In [PLOŠČICA, M.: Separation in distributive congruence lattices, Algebra Universalis 49 (2003), 1-12] we defined separable sets in algebraic lattices and showed a close connection between the types of non-separable sets in congruence lattices of algebras in a finitely generated congruence distributive variety V and the structure of subdirectly irreducible algebras in V . Now we generalize these results using the concept of separable mappings (defined on some trees) and apply them to some lattice varieties.
Introduction
For a variety (equational class) V let Con(V ) denote the class of all lattices isomorphic to Con A (the congruence lattice of an algebra A), for some A ∈ V . Our paper is a contribution to the problem of describing Con(V ). We restrict ourselves to the case when V is congruence distributive and finitely generated. Even under such restrictions, the problem is very difficult and there are very few relevant varieties for which a satisfactory answer is known.
Let us recall that the congruence distributivity of V means that the congruence lattice of every algebra in V is distributive. The most common examples are various varieties of lattices and lattice ordered algebras.
Further, let SI(V ) denote the class of all subdirectly irreducible members of V . A well known consequence of the Jó n s s o n lemma (see [3] or [4] ) is that for any congruence distributive and finitely generated (i.e. generated by a finite algebra) variety V the class SI(V ) consists of (up to isomorphism) finitely many finite algebras. In fact, if V is generated by a finite algebra A, then every subdirectly irreducible member of V is a homomorphic image of a subalgebra of A.
The aim of this paper (and its predecessor [6] ) is to describe the class Con(V ), using the knowledge of SI(V ). One connection is obvious: for any completely meet-irreducible element x ∈ L ∈ Con(V ), the interval ↑x = {y ∈ L : y ≥ x} must be isomorphic to Con A for some A ∈ SI(V ). In [6] , we introduced a new condition satisfied by all L ∈ Con(V ). It turns out that the congruence lattices of subalgebras of subdirectly irreducible algebras play an important role. In this paper we develop further the ideas from [6] and provide even deeper insight into Con(V ). However, a complete description of Con(V ) remains a much more difficult problem.
Our basic reference books are [1] and [4] . All the unexplained concepts and unreferenced facts used in this paper can be found there.
If B is a subalgebra of an algebra A and α ∈ Con A,
denotes the restriction of α to B. If f : X → Y is a mapping and Z ⊆ X, then f Z denotes the restriction of f to Z. Furthermore, Ker(f ) (the kernel of f ) is the binary relation on X defined by (x, y) ∈ Ker(f ) iff f (x) = f (y). If δ is an equivalence relation on a set X and x ∈ X, then [x] δ denotes the equivalence class containing x. If γ and δ are equivalence relations on X and γ ⊆ δ, then δ/γ denotes the equivalence relation on the quotient set X/γ given
The iterative separation
Let L be an algebraic lattice. An element a ∈ L is called strictly meetirreducible (or completely meet-irreducible) iff a = X implies that a ∈ X, for every subset X of L. Note that the greatest element of L is not strictly meet-irreducible. Let M(L) denote the partially ordered set of all strictly meetirreducible elements of L.
Thus, every L contains many strictly meet-irreducible elements.
If L is distributive and
For a partially ordered set P and x, y ∈ P write x ≺ y if x < y and there is no z ∈ P with x < z < y. Further, we denote ↑x = {p ∈ P : x ≤ p}, y − = {x ∈ P : x ≺ y}. The length of a finite partially ordered set P is n if the largest chain in P has n + 1 elements.
Ò Ø ÓÒ 2.1º A tree is a finite partially ordered set T with a largest element such that ↑x is a chain for every x ∈ T .
ITERATIVE SEPARATION IN DISTRIBUTIVE CONGRUENCE LATTICES
For a tree T we denote Z(T ) = x ∈ T : length(↑x) = length(T ) and
It is clear that if length(T ) > 0, then T − is a tree again and length(T − ) = length(T )−1. Further, we denote T k = x ∈ T : length(↑x) = k . Now we can introduce our main concept of a separable mapping. However, it is formally simpler to define first the converse concept.
Ò Ø ÓÒ 2.2º Let L be an algebraic lattice, T = ∅ a tree and ϕ an injective
We define the non-separability of the mapping ϕ by an induction on the length of T as follows. 1
• If length(T ) = 0 then every ϕ is non-separable.
2
• If length(T ) > 0 then ϕ is non-separable iff for every family x p :
The mapping ϕ is called separable if it is not non-separable.
For the illustration, consider the special case of a tree of length 1, that is
x i = 0, so we obtain the following statement.
ÓÖÓÐÐ ÖÝ 2.3º Let T be a tree of length 1. An injective mapping
is separable. So, for finite P , our definition generalizes the concept of separability from [6] .
Our definition is easier to understand when we consider the following topological representation. Let L be a distributive algebraic lattice.
It is easy to see (cf. [5] 
) that this defines a topology on M(L) and L is isomorphic to O(M(L)) (the lattice of open subsets of M(L)).
It is not difficult to see that, with respect to this topology, a set P ⊆ M(L) is separable (in the sense of [6] ) iff there are open sets A p (p ∈ P ) such that p ∈ A p and p∈P A p = ∅. This is the motivation for using the term "separability".
The adjective "iterative" refers to the inductive character of our definition. A topological description of our concept looks as follows.
Ä ÑÑ 2.4º Let L be a distributive algebraic lattice, T a tree and ϕ : Z(T ) →

M(L) an injective mapping. Then ϕ is separable iff length(T ) > 0 and there exist open sets
As an example, consider the tree T = {0, 1, 2, 3, 4, 5, 6} depicted in Section 3.
Notice that this condition is weaker that the requirement
(Consider the topological space M(L) consisting of a discrete sequence converging to 4 distinct limit points x 3 , x 4 , x 5 , x 6 and the mapping given by ϕ(i) = x i ). Now we will prove some general results for finitely generated congruence distributive varieties. Recall that any such variety is locally finite. (Finitely generated algebras are finite.)
Our results connect the existence of non-separable mappings into M(Con A) for some A ∈ V with some special representation of the corresponding tree, which we now introduce. Recall the notation T k = x ∈ T : length(↑x) = k . Ò Ø ÓÒ 2.5º Let T be a tree of the length n with the largest element u and V a variety. We say that T is SI(V )-representable if there exist an algebra B 0 ∈ SI(V ), a chain of its subalgebras B n ≤ B n−1 ≤ · · · ≤ B 1 and congruences
For the proof of our main result we need the following simple technical lemma. It is a small modification of [7, 2.3] . B ∈ M(Con B). Since Con B is a finite distributive lattice, there is the smallest γ i ∈ Con B with γ i (α i B). Let β i be the congruence on A generated by γ i . It is easy to see that (2) is satisfied.
Ä ÑÑ 2.6º Suppose that V is a finitely generated congruence distributive vari-
ety, A ∈ V , α 1 , . . . , α n ∈ M(Con A), n ∈ ω. Denote α = {α i : i = 1,
Ì ÓÖ Ñ 2.7º Let the algebra A belong to a finitely generated congruence distributive variety V . Let T be a tree with a largest element u and let ϕ be a non-separable mapping Z(T ) → M(Con A). Then T is SI(V )-representable.
P r o o f. We proceed by induction on length(T ) = n. Precisely, we claim that for every finite set S ⊆ A there are α q ∈ M(Con A) (q ∈ T ) and a chain of finite subalgebras
The claim is clearly true if length(T ) = 0. Suppose now that n = length(T )> 0.
. By 2.6 there is a finite subalgebra A n ≤ A and β 1 , . . . , β m ∈ Con A such that S ⊆ A n and (1) for every a ∈ A, there is b ∈ A n with (a, b) ∈ α p i for every i;
By the non-separability assumption, there exists a non-separable ϕ
. . , n − 1 with A n playing the role of S. We need to show (i)-(v) for k = n. Now, (i) and (ii) are clear from the construction.
Further, let p i , p j ∈ T n be different. Since ϕ is injective, we have α p i = α p j , so we can assume that there is (
which shows (iv).
It remains to show (v). However, this follows easily from (1). Thus, we have the congruences α q and the subalgebras A k with the required properties. Now we can construct the SI(V )-representation for the tree T . We
Clearly, γ u = 0 B 0 and it is easy to see that (iii) and (iv) imply 2.5(1), (2) .
The converse to 2.7 is true for infinite free algebras. Let F V (X) denote the free algebra in V with X as the set of free generators.
Ì ÓÖ Ñ 2.8º Let V be a finitely generated congruence distributive variety.
Let T be a SI(V )-representable tree. Then there exists a non-separable mapping
P r o o f. Suppose that we have B k and γ q (k ∈ {0, . . . , n}, q ∈ T ) satisfying 2.5.
Every surjective homomorphism f : F → B n induces surjective homomor-
Since B n /γ p is subdirectly irreducible, we have Ker(f p ) ∈ M (Con F ), so we can define ϕ(p) = Ker(f p ). We claim that ϕ is non-separable for every such f . We proceed by induction on the length of T . The claim is certainly true for the length 0. Suppose now that length(T ) > 0, Z(T ) = {p 1 , . . . , p m } and that
m).
We need to find a non-separable mapping ϕ − :
There is a finite set Y ⊆ X such that all x i and y i belong to Y (the subalgebra of F generated by Y ). Since B n−1 is finite and B n ⊆ B n−1 , it is possible to choose a surjective map g 0 : X → B n−1 such that g 0 (y) = f (y), for every y ∈ Y . Since F is free, this map can be extended to a (surjective) homomorphism g : F → B n−1 . By our induction hypothesis, the mapping ϕ − defined by ϕ − (q) = Ker(g q ) for every q ∈ Z(T − ) is non-separable. The injectivity of ϕ − follows from the fact that γ q = γ r whenever q, r ∈ Z(T − ), q = r. Moreover, for every i = 1, . . . , m we
(The congruences above are given by their equivalence classes.) It is not difficult to check that all conditions of 2.5 are satisfied. Notice that B 1 /γ 1 and B 1 /γ 2 are both isomorphic to M 3 . In the case of the variety A the essential difference is that A does not have a subalgebra with two homomorphisms onto M 3 with different kernels. To show that T is not SI(A )-representable, we use 2.9. For contradiction, suppose that we have A q , D q and δ qp satisfying the conditions of 2.9.
The subdirectly irreducible algebras A 1 and A 2 have subalgebras with two different meet-irreducible congruences, so they must be M 3 or M 3,3 or A. Consequently, A 0 ∈ SI(V ) has a subalgebra D 0 with two different δ 01 , δ 02 ∈ Con D 0 such that both D 0 /δ 01 and D 0 /δ 02 are isomorphic to M 3 , M 3,3 or A, and it is possible to check that there is no such A 0 in A .
As a consequence we obtain that Con(A ) = Con(B). More precisely, the lattice Con F (with F being an infinite free algebra in B) is not representable in A . Since both A and B are varieties of modular lattices, this solves [6, Problem 5.4] . Actually, this problem is now replaced by the following one.
ÈÖÓ Ð Ñ 3.2º Let V and W be finitely generated modular lattice varieties such that every SI(V )-representable tree is SI(W )-representable and vice versa. Do then Con(V ) and Con(W ) contain the same lattices with countably many compact elements?
The cardinality restriction in the above problem is essential. Without the restriction on the cardinality, the varieties M n for different n ≥ 3 provide a counterexample. (The variety M n is generated by the (n + 2)-element lattice M n of length 2.) It is not difficult to prove that (independently of n) a tree T is SI(M n )-representable iff |q − | ≤ 2 for every q ∈ T and |q − | = 2 for at most one q ∈ T , and it was proved in [5] that Con(M n ) = Con(M k ) whenever n = k. (The example showing this inequality has the cardinality ℵ 2 , so the above problem for the cardinality ℵ 1 is also open.)
